
Math 564: Real analysis and measure theory
Lecture 14

Prop(approximation by simple functions).

(a) For each feLIX
,
B)

,
there is an increasing fut of non-negative simple functions

such the convergence is uniform on every of BEX on which is bdd
,
i

. e.

Ilfuli- Fin -> 0
.

(6) For each FELIX
,
B)

.
there is a sequence fut of simple functions such that Ifull

and the convergence is uniform on every set BEX on which tis bod.

Roof
.
(6) follows by apply (a) to ft and F

,
the obtaining non-mey , simple funct Fo eft

and filt with uniform convergence
statement satisfied

,
so the functions

In := fo-fi are desired

(a)
IP

f" (2" . 1
,
&] = B

, to define fu
,

we cut off at <2" and
&" (2" . 2 ,

&] = Bu
split (0

, 22] into pieces of size 2 ,
10

4 :
f" (2% 3

,
8] = By

3-
f" 12" - 4

,
0] = By o 22 pieces .

Let Ap := F" 112"K
.

2-
"

(P +17)
A

and let Br : = f"112D
,

&]) ,
so Bo = B, ...·-1- and Ap = Br +,

< Br .
We setA

- 72m
p *

Ba
* fu:= 4) ·LAnZA

X1

Note that fo&f since the rots Xn : = +" 110
, 211) M/X(\xeX : f(x) =al)

so /ful converges to fon Xn and on Xa : = (xeX : f(x) = &]
, Julxe = 2"

,
so

nz/N

fulxy &4 = flxa .

As for uniform convergence ,
note that if is bod on BEY,

then B : Xu for large enough neIN and

II fulxa-fixally = 2- -> 0
.

Def
.

For felt(X
, B)

,
we define Jidm = sup3Jsdu : Das ef simple).



Prop .
Lt +

, gt(
+ (X

,
B).

(a) =g then Jidn = /gdM.
(b) Ja . Fdr = a . Sidd for all a 20.

() (fdm = 0 <=3 % = 0 a . e
.

Propf. (c) =>
.

We prove the contrapositive : suppose Xo := (xeX : f(x) < P) has positive meas
,

and show that Sidd >O
·
Indeed

,
Xo = UXn

,
where Xa := (xeX : flak %

,
10

↓

for some wEINt
,
Xu has positive measure .

"
But s := Axu = f

,
so (fdmr

JsdM= M(Xu) > 0
.

Caution . Siegid = /Idl + SgdM is not immediate because we don't know whether

every simple function safeg splits = F + g into a sum of simple functions
↑ If and geg .

To
prove this

,
we need to replace sup with limits of

sequences .

Monotone Convergence Thoem (MCT). Let fu, el(X,
33)

.

If to lf then Stude Ifdm
Propf

. We may
assume WLOG that >0 on all of X by estricting to 4xX : f(x) -04 .

Because foot
,

we have Stude : Side and Stude is increasing
.
We need to show

n Stude Stan

Thus we fix a simple function DESEF and win to showin finde Sod. .
For this it suffices to fix 340 and show that

lin (fede (11-25 du

because )/1)s &M = 1-37/SOM11 as 3-50
.
Because 11-9)s <f for all xeX,

we have that X = NXn where Xn := (xeX : Fulx) (1-9733. By monotonicity,
ne(X

Studeudhesdr =

M ,

Ku Geveman an
n-> &



Corollary (ctbl additivity of integral). The integral on
E/X

,
3) is atbly additive ,

i
. e.

Sented = Zestud .

Proof
.

Let's show first that Stegde = Stil + Jgdh .

Let fulf and goty be simple
functions

,
so futgr / f + 9 . By MCT

,
we have :

J + g du lim Stage dim Sindhdes

For an infinite sum If ,
observe that Epi 1 b MCT again ,

we havea

& Stude =linz/fede =lime

Corollars (fructions defining measures) .
Each felt(X

,
B) defines a measure No on

(X
, B) by

M (B) : = ) 1 Biffm =: S f de

Proof. Clearly , N(Q = 0 so let B = HBa with all sel in B
.

Then 1 =NABu,
so Apf = /Bif)

,
so bybl additivity :

nE/N

#(B) = ) p du= ) *But d= (B).

Faton's lemma
.

Let Sin] = [I
,
B)

. Then /limin In himinf Sfud ,a

Proof
. Limithim lint fil,if liffn ,

so b MIT

In Suffi dr = Slimiffede

Citficu = Stude for all many so (inffidhsinf Ifudd ,
he e

himint fu delininf Stude = limit Safe an
n - &



Example lot strict inequality in Faton) .

For (R
,

BIR)
,
X) ,

let fu := Asu
,

n + 1) ,
so

fo f2 f -

fu-O but Study = 1 for all neIN.


